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Abstract

Significant effort in applied quantum computing has been devoted to the problem of ground
state energy estimation for molecules and materials. Yet, for many applications of practical
value, additional properties of the ground state must be estimated. These include Green’s
functions used to compute electron transport in materials and the one-particle reduced density
matrices used to compute electric dipoles of molecules. In this paper, we propose a quantum-
classical hybrid algorithm to efficiently estimate such ground state properties with high accuracy
using low-depth quantum circuits. We provide an analysis of various costs (circuit repetitions,
maximal evolution time, and expected total runtime) as a function of target accuracy, spectral
gap, and initial ground state overlap. This algorithm suggests a concrete approach to using early
fault tolerant quantum computers for carrying out industry-relevant molecular and materials
calculations.
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1 Introduction

One of the primary applications of quantum computing is the simulation of materials and molecules,
which are inherently quantum mechanical. It is hoped that future powerful quantum computers
will be used in the development of materials and drug discovery [CRAG18]. Although they have
yet to realize commercial application, quantum computers have been improving at a rapid rate,
increasing the demand for quantum algorithms with high-impact use cases. To date, the main fo-
cus of quantum algorithm development for quantum chemistry and materials has been on ground
state energy estimation [CROT19|. This problem is mathematically formulated as estimating the
lowest eigenvalue of the Hamiltonian matrix that characterizes the physical system. One of the
first quantum chemistry applications of quantum computers was the use quantum phase estimation
for estimating the ground state energy of small molecules [AGDLHGO05|. More recently, the varia-
tional quantum eigensolver algorithm [PMS™14a] was developed to use near-term intermediate-scale
quantum (NISQ) computers to solve the ground state energy estimation problem.

However, in characterizing materials or analyzing small molecules for drug discovery, one often
needs to estimate properties of the ground state beyond just the energy. These include transport
properties [MW92|, electric dipole moments [Jen17]|, and molecular forces [OSST19]. Such properties
depend on expectation values of observables O with respect to the ground state of a Hamiltonian
H. The problem of estimating such quantities was studied in [Ambl4, GY19, GPY20|, showing
that it is even harder, in a complexity theoretic sense, than the ground state energy estimation
problem in general. The algorithms considered in these works were developed for idealistic quantum
computers. In particular, the quantum circuit depths involved in these methods are too deep to even
be implemented on early fault-tolerant quantum computers. An approach to estimating ground state
properties that is more amenable to near-term quantum computers is to use the variational quantum
eigensolver algorithm [MMS*19, OSST19]. This gives a means to prepare an approximation to the
ground state, from which properties can be estimated. However, recent work has suggested that
VQE alone is not practical for solving problems of industrial relevance [GRB™20]; methods which
invoke some degree of quantum amplification (e.g. [WKJC21]) seem necessary in order for quantum
computers to compete with state-of-the-art methods in quantum chemistry and materials. Further
issues with the variational quantum eigensolver and its variants are that there are no guarantees on
the quality of the output ground state and that heuristic optimization methods struggle to prepare
high-fidelity ground states.

This motivates the development of quantum algorithms for ground state property estimation
which are both reliable and able to be run on near-term quantum computers (e.g. early fault-tolerant
quantum devices). The central question that this paper addresses is then:

Is it possible to estimate ground state properties of a Hamiltonian reliably using early fault-tolerant
quantum computers?

In this paper, we provide an affirmative answer to this question. Furthermore, we propose an
algorithm for the ground state property estimation using low-depth quantum circuits. The main
theorem is stated as follows:

Theorem 1.1 (Main theorem, informal). Given a Hamiltonian H and an observable O. Suppose we
have access to a unitary Uy that prepares a state |¢pg) that has non-trivial overlap with the ground
state |1o) of H. Then, there exists an algorithm to estimate (yo| O [to) with high accuracy and
low-depth: the mazximal Hamiltonian evolution time is O(y~'), where v is the spectral gap of H.

We note that the maximal evolution time, which is the maximal length of time we need to
perform coherent time evolution, can roughly determine the depth of the quantum circuit. Our
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result achieves a nearly-linear dependence on v+ and only poly-logarithmic on the accuracy €™,
which improves the O(¢~!) maximal evolution time in the ground state energy estimation algorithms
[LT21, Som19]. On the other hand, our result does not violate the Heisenberg limit because the
total evolution time still depends on poly(e~!). Hence, our algorithm has a great advantage when
the Hamiltonian’s spectral gap is much larger than the estimation accuracy, making it easier to be
implemented in the early fault-tolerant devices.

Organization. In Section 2 we formally state the problem of ground state property estimation.
In Section 3 we review the method developed in [LT21] for estimating ground state energies. In
the next three sections we explain our main algorithms and give an analysis for their performances
starting from the simplest case and building to the most-involved, general case. Section 4 presents
the case of a unitary observable which commutes with the Hamiltonian. Section 5 presents the
case of a unitary observable which does not necessarily commute with the Hamiltonian. Section 6
describes the case of a general observable. Then, Section 7 gives two applications of the ground
state property estimation algorithm. Section 8 gives a discussion of the results and presents some
open questions.

2  Ground State Property Estimation Problem

In this section, we will formally define the ground state property estimation problem. This problem
was initially studied by Ambainis [Amb14]| as the approximate simulation problem (APX-SIM), and
he proved that APX-SIM is PQMAllog]_complete.

Problem 2.1 (Approximate simulation (APX-SIM), [Amb14]). Given a k-local Hamiltonian H, an
C-local observable O, and real numbers a,b, e such that b—a > 1/ poly(n), and € > 1/ poly(n), for
n the number of qubits the Hamiltonian H acts on, decide:

e Yes case: H has a ground state |1g) such that (1o| O |to) < a,

e No case: for any state |¢) with (| H |¢) < Ao + € where Ag is the ground state energy of H,
it holds that (10| O |1po) > b.

In the follow-up works, APX-SIM was shown to be P@MAlogl_complete even for 5-local Hamilto-
nian and 1-local observable [GY19], and also for some physics models like 2D Heisenberg model and
1D line model |[GPY20, WBG20|. However, these previous studies only considered the worst-case
hardness, and thus they defined Problem 2.1 as a decision problem. For the purpose of designing
efficient algorithms, we first define the “search version” of APX-SIM as follows:

Problem 2.2 (Search version of APX-SIM). Given a Hamiltonian H, an observable O, and € €
(0,1), with Q(1) probability, estimate (0| O |1o) with an additive/multiplicative error at most €.

In general, Problem 2.2 will not be more tractable than Problem 2.1. Thus, we may need
some prior information about the Hamiltonian H and its ground state. Motivated by the widely
used variational quantum eigensolver (VQE) [PMS*14b, MRBAG16] and the Hartree-Fock method
[SO12] in quantum chemistry, it is reasonable to assume that we get access to an initial state |¢pg) that
has a nontrivial overlap with the ground state of H. Moreover, we assume that the Hamiltonian H
has a nontrivial spectral gap. We note that almost all Hamiltonians in practice satisfy this condition.
With these assumptions, we formally define the ground state property estimation problem as follows:



Problem 2.3 (Ground state property estimation). Given a Hamiltonian H with spectral gap vy and
ground state |1o), an observable O, a unitary Ur such that it prepares an initial state |¢o) with
[{polw0)|?> > n, and € € (0,1), estimate (10| O 1) with an additive/multiplicative error at most €
with Q(1) probability.

Remark 2.4. We notice that when O = H, Problem 2.3 becomes the ground state energy estimation
problem. Moreover, our assumptions on the initial state and the spectral gap are also used in many
ground state energy estimation algorithms [GTC19, LT20a, LT21].

3 An Overview of the Low-Depth Ground State Energy Estimation

In this section, we provide a brief overview of the low-depth ground state energy estimation algorithm
proposed by Lin and Tong [LT21]. Our algorithms are inspired by this algorithm and use it as a
subroutine.

More specifically, they showed that:

Theorem 3.1 ([LT21]). Given a Hamiltonian H with eigenvalues in the interval [—m /3, 7/3] and its
ground state |1o) has energy N\g. And suppose we can prepare an initial state |pg) such that pg > n
for some known n, where po == |(¢o|t0)|?. Then, for any e,v € (0,1), there exists an algorithm that
estimates Ao with an additive error € with probability 1 — v, by running a parameterized quantum
circuit with the mazrimum quantum evolution time 5(6*1) and the expected total quantum evolution
time O(e~1n~2).

The pseudo-code of their algorithm is given in Algorithm 1.

The main technique of their algorithm is a classical post-processing procedure that extracts
information from the following Hadamard test circuit (Figure 1).
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Figure 1: Quantum circuit parameterized by j. H is the Hadamard gate and W is either I or a
phase gate.

Suppose the initial state |¢g) can be expanded as [¢pg) = D, o |¢%) in the eigen-basis of H and
let pi := |ax|? be the overlap with the k-th eigenstate. They considered the overlaps pg,p1,... as
a density function:

p(x) ==Y prd(x — A). (1)
k

Then, the CDF C(x) can be defined by the convolution of p(x) and the 2m-periodic Heaviside
function H(z), which is 0 in [(2k — 1), 2k7) and 1 in [2k7, (2k + 1)7) for any k € Z. Thus, C(z)
is also a periodic function, which makes it convenient to apply the Fourier approximation. They
showed that H(z) can be approximated by a low-Fourier degree function F'(x) in the intervals



Algorithm 1 Ground State Energy Estimation

1: procedure ESTIMATEGSE(e, 7,1, V)

2 > Initialization
3 d <+ O tlog(67tn7Y)), 6 < Te

4 for i < —d,...,d do

5: ﬁl — F\d,d,i

6 Compute 0;, the phase angle of l?’z

7 end for R

8 F = 2ji<a | Fil

9: Ny + Q(log(1/v) + loglog(1/8)), Ny < O(n~%log*(d))

10: > Sampling from the quantum circuit
11: for K+ 1,...,NyNs do

12: Independently sample Jj, ~ [—d, d] with Pr[J, = j] « \I?‘J\

13: Measure (X%, Yy) by running the quantum circuit with (Figure. 1) parameter k

14: Zy, — X + 1Yy

15: end for

16: > Classical post-processing
17: $L<——7T/3, XR<—7T/3

18: while zp — z; > 26 do > Invert CDF
19: {EM<—(.CCL+.TR)/2
20: forr«+1,...,Ny do
21: G, + Nis Z’,;Zs(rilwsﬂ Zy, 'O+ Tken) > Multi-level Monte Carlo method
22: end for
23: if |{r: G, > (3/4)n}| < N,/2 then
24: xR < xp + (2/3)0
25: else
26: xL<—xM—(2/3)5
27: end if
28: end while
29: return (ry +xg)/2

30: end procedure

[~7 + 6, —6] and [§, 7 — &]. Then, they defined the approximated cumulative distribution function
(ACDF) as C(z) := (F * p)(x) and proved that

Cz—06)—n/8 < C(x) < C(x+0)+n/8 Vae|-n/3,7/3. (2)
Moreover, for each x, we have

Cla) =Y Fje'"™ - (go| e |go), (3)

lj|<d

where ﬁj is the Fourier coefficient of F(x). Note that {¢o|e ¥ |¢y) can be estimated via the
parameterized quantum circuit (Figure 1). Hence, we can estimate the ACDF at every point in
[—7/3,7/3]. Moreover, they showed that the multi-level Monte Carlo method can be applied here
to save the number of samples needed to achieve a high-accuracy estimation (Line 21).

Therefore, we can estimate the ground state energy g by locating the first non-zero point of
the CDF C(z), which is n/8-approximated by the ACDF 6’($) Since we assume that pg > 7, the



approximation error and the estimation error of C () can be tolerated, and we can find )y via a
robust binary search (Line 18).

We note that the maximal evolution time of this algorithm corresponds to the Fourier degree of
F(x), which is 6(6_1) by the construction. More details of this algorithm and the proofs are given
in Appendix A.

4 Algorithm for Commutative Case

In this section, we consider a easier case that O is unitary and commutes with the Hamiltonian H,
and give a two-step quantum-classical hybrid algorithm for Problem 2.3. More specifically, suppose
the initial state can be expanded in the eigenbasis as follows: ¢o = >, cx [1x) With pg := [cx[?. We
note that {|i;)} is also an eigenbasis of O since O and H commute. In Step 1, we run [LT21]’s
algorithm to estimate the ground state energy Ay and the overlap between the initial state and the
ground state pg. In Step 2, we construct a similar CDF function for the density >, Orprd(x — M),
where O, := (¢r] O |¢y). If we evaluate the CDF at Ao, we can obtain an estimate of Oy.

4.1 Step 1: estimate the initial overlap

We first run the procedure ESTIMATEGSE (Algorithm 1) to estimate the ground state energy Ag
with an additive error €. Let 2* be the output. We remark that 2* satisfy C'(z* + 7¢) > po and
C(x* — 7€) = 0. However, we can only extract py from the ACDF C'(x), which satisfies:

Clz—71€) —n/8 < C(x) < C(x + 7€) +1/8 Va € [—n/3,7/3). (4)

If [x — 7€, x + T€] contains a “jump” of C'(z), i.e., an eigenvalue A, then the approximation error of
C(z) will be large.

Hence, we say a point z is “good” for Ay if [z — 7€,z + 7T€] is contained in [TAg, TAgt1). It is
casy to sce that C(z) will be an 7/8-additive approximation of > i<k Pr if z is good. Our goal is to
find an zg0q that is good for Ag, and estimating C (%good) gives the overlap po. The following claim
gives a way to construct xgeoq using the spectral gap of H.

Claim 4.1 (Construct xgood). Let v be the spectral gap of the Hamiltonian H. For any € € (0,7v/4),
x* + 77/2 is good for Ao, where x* is the output of ESTIMATEGSE(e,n) (Algorithm 1).

Proof. We know that z* satisfies:

¥ —Te < TA < ¥+ Te. (5)
Then, we have
T4 TY[2> TN — TE+TY/2 > TA + TE. (6)
We also have
T+ Ty/2 < TN+ TE+ TY/2 (7)

< 7M1 —7)+TE+TY/2
=TA +7(e—7/2)
< TA] — Te. (8)

Therefore, x* is good for Ag. O



We note that in [LT21], the ACDF’s approximation error is chosen to be 7/8. We may directly
change it to en/8 without significantly changing the circuit depth, since by Lemma A.8 the degree
of F' can only blowup by a log factor of e.

Lemma 4.2 (Estimating the overlap). For any ep,v € (0,1), the overlap po := |(¢o|to)|?* can
be estimated with multiplicative error 1 + O(eo) with probability 1 — v by runs the quantum circuit

(Figure 1) 5(65217*2) times with expected total evolution time O(y~te~2n~2) and mazimal evolution

time O(y~1).

Proof. By Claim 4.1, if we set the additive error of ground state energy Ao to be O(7y), then we can
construct an Tgood that is good for A\g. By Theorem 3.1, it can be done with maximum quantum
evolution time O(y~1) and the expected total quantum evolution time 0(7 n~2). Notice that we
need to take d = O(0~'log(67 ey 'n™1)) (Line 3 in Algorithm 1) to make C’(xgood) be an O(eon)-
approximation of pg, where § = 7.

Next, we estimate C (good) With additive error ne with probability 1 —v. We have an unbiased
estimator

G(x;Z,J) = FZetIe (9)

with variance O(log?(d)) and expected evolution time O(7d/ log(d)). If we naively t take the sample
mean as the estimator, then by Chebyshev’s inequality, the sample complexity is O( In—2p- %) to
have an additive error O(egn) with probability 1 — v.

Instead, we can use the so-called “median-of-means” trick to reduce the sample complexity.
More specifically, let N, = O(log(1/v)) and K = O(e;?). We first partition m = N,K samples
(Z1, 1), ..,(Zm, Jm) into Ny groups of size K. Then, for any i € [INy], the i-th group mean is

1 e
ZG €T Z(z 1K+]7J(z 1)K+j) (10)
]:1

The final estimator is given by the median of these group means, i.e.,
G(z) := median(Gh, ..., Gy, ). (11)

By Chernoff bound, it is easy to see that G(z) has an additive error at most (nep) with probability
1 —v. It will imply that multiplicative error is at most 1 + O(eg) since py = O(n). And the sample
complexity of G(x) is O(e;?n~2). Hence, the expected total evolution time is Oy~ Leg2n~2). Since

we run the same quantum circuit to estimate G(z), the maximal evolution time is still O(y~1). O

4.2 Step 2: estimate the O-weighted CDF

To estimate the expectation value of O, consider the following quantum circuit:

Define the random variables X;,Y] be as follows: for W = I, X; := 1 if the outcome is 0, and
X := —1if the outcome is 1. For W = S, Y; := —1 if the outcome is 0, and Y} := 1 if the outcome
is 1.

Then, we have the following claim on the expectation of the random variables X;,Y;:

Claim 4.3 (A variant of Hadamard test). For any j € Z, the random variable X; + 1Y} is an
un-biased estimator for (¢o| Oe™TH |pg).
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Figure 2: Quantum circuit parameterized by j. H is the Hadamard gate and W is either I or a
phase gate S.

We can expand {¢g| Oe~97H |¢) in the eigenbasis of H (which is also an eigenbasis of O):

(do| O™ |go) = 3~ cherre™ ™ (4| O |0}
ok

= prOre™%, (12)
f

where the last step follows from the simultaneous diagonalization of O and H, and Oy, := (¢| O |¢)x).
We may assume that |Ox| < 1 for any k € N.

Inspired by the ground state energy estimation algorithm in [LT21|, we define the O-weighted
“density function” for the observable as follows:

po(x) == ZpkOkd(m —TAk)- (13)
k

Note that po(z) can be negative at some points.
Suppose the eigenvalues of 7H is within [—7/3,7/3]. Then, we define the O-weighted CDF and
ACDF for po(x) similar to [LT21]:

Co(x) == (H *po)(x), Col(x) := (F *po)(x), (14)

where H is the 27-periodic Heaviside function and F' = Fj s is the Fourier approximation of H
constructed by Lemma A.8. It is easy to verify that Co(x) equals to ), prOxly>p.0, for any
x € [—m/3,7/3].

The following lemma gives an unbiased estimator for the O-weighted ACDF.

Lemma 4.4 (Estimating the O-weighted ACDF). For any x € [—m, 7|, there exists an unbiased

estimator Go(z) for the O-weighted ACDF Co(x) with variance O(1).

Furthermore, Go(x) runs the quantum circuit (Figure 2) with expected total evolution time
O(7d/log(d)), where d is the Fourier degree of F' .



Proof. %(x) can be expanded in the following way:
Colx) = (F = po)(x) (15)
— [ P oy

—T

= > / Fje1"Vpo (y)dy

ljj<d”~
= > ﬁjem/ po(y)e ¥dy
lj1<d o
_ Z F\jeijx ZpkOkefij‘r)\k
lj|<d k
= Y Fie (o] Oe T |gy) | (16)
lj|<d

where the third step follows from the Fourier expansion of F'(x — y), the fifth step follows from
the property of Dirac’s delta function, and the last step follows from the definition of p; and the
eigenvalues of matrix exponential.

Define an estimator G(z;J,Z) as follows:

G(x;3,Z) := F - Ze'0s+I7) (17)

where 6; is defined by ﬁj = \E\eigj, Z = X +iY measured from the quantum circuit (Figure 2)
with parameter j = J, and F =}, ;[ Fj.
Then, we show that G(z;J,Z) is un-biased:
ElG(2;3,2)] = Y E [(X; + 1Y)+ | (18)
l71<d
= Y Fe" E[X; + Y]]
li]<d
= > Fje” - (go| O™ |g)
lil<d
= C(a), (19)
where the third step follows from Claim 4.3. Moreover, the variance of G can be upper-bounded

by:

Var[G(x;J,Z)] = E[|G(z;J,Z)]°] - |E[G(z;J,2)]” (20)
< E[(|G(2;3,Z) ]
< 2F?% (21)

where the third step follows from |e'®/*7/2)| = 1, and the last step follows from X;,Y; € {+1}. By
Lemma A.8, we know that \ﬁ]] = O(1/|]). Hence, we have F =}, ., O(1/j]) = O(logd). Thus,
Var|[G(xz;J, Z)] = O(log?(d)).

The expected total evolution time is

Tew =B =7 3 - 12) = O(rd/ 10g(a)). (22)
l71<d



The lemma is then proved. O

The following lemma shows that the O-weighted CDF Cp(x) can be approximated by the O-
weighted ACDF Cop(z):

Lemma 4.5 (Approximating the O-weighted CDF). For any e > 0, 0 < 6 < 7/6, let F(z) :=
Fys(x) constructed by Lemma A.8 with approximation error ne/8. Then, for any x € [—m/3,7/3],
it holds that:

Co(x —6) —ne/8 < Colz) < Co(x + b) +ne/8. (23)

The proof is very similar to Lemma A.9, so we omit it here.
We can take § := 77/5 and let xgo0q := 2* + 77/2. Then, by Claim 4.1, we know that zgeoq is

good for Xg, i.e., [Tgood — T, Tgood + T7] C (TA0, TA1). Hence, Co(2go0d) satisfies
Co(2good) — PoOo| < ne/8. (24)

The following lemma shows how to estimate %(xgood), which is very similar to Lemma 4.2.

Lemma 4.6 (Estimating poOo). For any e1,v € (0,1), poOo can be estimated with multiplicative
error 14 O(er) with probability 1 — v by runs the quantum circuit (Figure 1) O(e7?n~2) times with
expected total evolution time O(y~ e *n™2) and mazimal evolution time O(y™1).

4.3 Putting it all together

In this section, we will put the components together and prove the following main theorem, which
gives an algorithm for the ground state property estimation.

Theorem 4.7 (Ground state property estimation with commutative observable, restate). Suppose
po > n for some known n. Then, for any e,v € (0,1), the ground state property (1g| O |¢g) can be
estimated within additive error at most € with probability 1 — v, such that:

1. the number of times running the quantum circuits (Figure 1 and 2) is 5(6*277*2),
2. the expected total evolution time is 6(7*16*277*2),

3. the mazimal evolution time is O(y1).

Proof. By Lemma 4.2, we obtain py such that

0 — po| < O(neo), (25)

where ¢y will be chosen shortly.
By Lemma 4.6, we obtain pgOq such that

1000 — poOo| < O(ney), (26)

where €; will be chosen shortly.



Then, we have

0 @) O @) 0]
poo_OO‘: po% _ poOo Qo _ poo (27)
Po Po Po Po Po
Op — poO 1 1
< W)O—M+|p000| — - —
0 Po Do
O(ne1) 1 1 ‘
< U O |——— — —
po — O(neo) el po — O(neo)  po
O(ne1) ’ 1 1 ‘
- 4 O - 0 _ =
— n—0(neo) P00l po —poO(e0)  po
< O(e1)(1 = O(eo)) + [Oo|(1 + O(e0) — 1)
< O(eo +€1), (28)

where the second step follows from the triangle inequality, the third step follows from Egs. (25) and
(26), the third step follows from py > 7, the fifth step follows from ﬁ <14+ O(z) for z € (0,1).

Hence, if we take ¢g = €1 = O(e), we will achieve additive error at most e.

For the success probability, we can make Eq.(25) hold with probability 1 — /2 in Lemma 4.2
and Eq.(26) hold with probability 1 — /2 in Lemma 4.6. Then, by the union bound, we get a good
estimate with probability at least 1 — v.

The computation costs follow directly from Lemma 4.2 and Lemma 4.6. And the proof of the
theorem is then completed. O

5 Algorithm for General Unitary Observables

In this section, we will prove the following theorem for unitary observables in the general case:

Theorem 5.1 (Ground state property estimation with general unitary observable). Suppose py > 1
for some known n and the spectral gap of the Hamiltonian H is at least v. For any e,v € (0,1),
there exists an algorithm for estimating the ground state property (1| O |1bo) within additive error
at most € with probability at least 1 — v, such that:

1. the expected total evolution time is O(yLe 2n2)
2. the mazimal evolution time is O(y ).

In the following parts, we will first introduce the 2-d O-weighted density function and CDF,
which extend the commuting observables to the general case. Then, we will show how to combine
them with the overlap estimation in Section 4.1 for proving Theorem 5.1.

5.1 2-d O-weighted density function and CDF

Let o) = 3. ¢k |¢x) where |cx|* = pi. In general, O and H may not commute. Hence, we consider
a more symmetric form of expectation: (¢g| e “™H e~ TH |¢y), which can be expanded in the
eigenbasis of H as follows:

<¢0| e—ijTHOe—ij’TH |¢O> — Z Czckle—ijTAke—ijlr)\k/ <1;Z)k’ O |w;€>
k,k'

= Z c};ck/e_ij”\k’e_ijlmk' (Vr] O |Yr) (29)
kK

10



Algorithm 2 Ground State Property Estimation (Commutative Case)

1: procedure ESTIMATEGSPROP(¢,7,1,7, V)
2 § <+ O(17), d <+ O(6 1 log(6te tn™1))
3 for j < —d,...,d do

4 Compute ﬁj = ﬁd,(;’j and 0;

5: end for
6

7
8
9

> Estimate the ground state energy
x* «+ ESTIMATEGSE(v/8, 7,1,1v/10)
Tgood < T* + T7/2
: > Generate samples from the Hadamard test circuits
10: N, < O(log(1/v)), K + O(e7?)
11: for k< 1,...,N,K do

12: Sample (Z, Ji) from the quantum circuit (Figure 1)

13: Sample (Z;,, J;,) from the quantum circuit (Figure 2)

14: end for

15: > Estimate pg
16: fori«1,...,N, do

17: G + + Zﬁil G (Tgood; Z(i—1)K+j> J(i—1)K+j)

18: end for

19: po < median(Gy,...,Gy,)

20: > Estimate pgOq
21: fori<«1,...,N, do

22: Gg — % Eszl G(2good; ZEZA)KH’ J(,ifl)K+j)

23: end for

24: 0O median(éll, e ,G’Ng)

25: return pyOy /Do
26: end procedure

Similar to the commutative case, we define a 2-d O-weighted density function:

po2(z,y) = Z ' O i1 0(z — TAR)O(y — T AR ), (30)
kK’

where Oy, 1 := (Y| O [¢rr). Then, define the corresponding 2-d O-weighted CDF function as follows:
CO,Q(Z‘) = (H2 *PO,Q)($7Q)7 (31)

where Hy(z,y) := H(z) - H(y), the 2-d 2m-periodic Heaviside function.

11



We first justify that Cp o is indeed a CDF of pp o in [—7/3,7/3]:

iy v
Co(z,y) = / Hy(x — u,y — v)p(u,v)dudv (32)
—Tr —TT - -
= Z ciCr Ok ke / Hy(x —u,y —v)d(u — 7Ak)d(v — T Agr )dudv
k! -7 J—7
= Z CZCk/Oka/ . H([L‘ - T)\k)H(y - T)‘k;’)
ke
= Z i O+ Lasragy>ray
kK
= Z chk/Okyk/. (33)
kA <z,
kA <y

Hence, the definition of Cp 2 is reasonable.
Then, we show that Cp o can be approximated similar to the 1-d case. Let Fy(x) be the 2-d
approximated Heaviside function, i.e.,

Fy(z,y) := F(x) - F(y). (34)
The 2-d O-weighted approximated CDF (ACDF) is defined to be
Coa(@,y) == (Fa  pos)(z,y). (35)

The following lemma shows that C’f(\;g(x, y) is close to Cp2(x’,y") for some (z',y’) close to (z,y).

Lemma 5.2 (Approximation ratio of the 2-d O-weighted ACDF). For any e > 0,0 < § < 7/6, let
Fy(z,y) = Fys(x) - Fas(y) constructed by Lemma A.8. Then, for any z,y € [—n/3,7/3], the 2-d
O-weighted ACDF Cop2(z,y) = (F» * po2)(x,y) satisfies:

Coal — 8,y — 8) — 2 < Coa(,y) < Coalz + 6,y + ) + 2. (36)
Proof. By (2) in Lemma A.8, we have
|F(z) — H(z)| <e Vze[-nm+d,-6]Ud,m—7], (37)
which implies that for all z,y € [—7 + J, —0] U [§, 7 — ¢],

|Fo(x,y) — Ha(z,y)| < |[F(2)F(y) — H(z)H(y)| (38)
= |F(z)F(y) — F(x)H(y) + F(z)H(y) — H(z)H (y)|
(y)

< F(x)|F(y) — H(y)| + H(y)|F(z) — H(z)]
< (F(z) + H(y))e
< 2, (39)

where the last step follows from F'(z) € [0, 1] by (1) in Lemma A.8. Furthermore, we also have for
€[=6,0], y € [-m+ 6,4,

|Fa(z,y) — Ho(z,y)| < |F(2)F(y) — H(z)H(y)] (40)
= |F(z)F(y)| (H(y) =0)
< F(y)
<e (41)

12



Similarly, for x € [-m + 4, —4d], y € [0, J],
|Fo(z,y) — Ha(z,y)| < e (42)
Define Fy, o := Fy(x — d,y — J) such that

|Fr2(z) — Ho(z)| <26 V(z,y) € [-7 +20,0] X [—7 + 20, 7] (43)
U [—7 + 20, 7] x [—7 + 20, 0]
U [20, 7] x [26, 7].

For CE(:U,y) = (Fr2*po2)(z,y), we have CE(x,y) = égg(x — 4,y —0).
Let p2 := po 2. Then, for any z,y € [-7/3,7/3], we have

Coate) - Craten| = | [ [ pate— oy = 0)(alus0) = Fratuoauad| (s

IN

/ / p2(z —u,y — v)|Ha(u,v) — Fp, 2(u, v)|dudv

</(; /7;+/7T /i—i_/z;r /ﬂ> p2(z — u,y — v))|[Ha(u, v) — Fr2(u, v)|dudv
/ /26 /26/ 6) p2(z — u,y — v))|[Ha(u,v) — Fp2(u, v)|dudv
+/ /7r / /2>p2x—u,y—v)dudv

26
p2(z —u,y —v))|Ha(u,v) — Fr2(u,v)|dudv

26
p2(r — u,y —v))|Ha(u,v) — Fr2(u,v)|dudv

pa2(z — u,y — v)dudv
/ / /yy >p2 u, v)dudv (45)

where the second step follows from Cauchy-Schwarz inequality, the third step follows from partition-
ing the integration region, the forth step follows from Eq. (43) and the fact that p(x,y) is supported
n [—n/3,7/3] x [-7m/3,7/3] and § < w/6 (see Figure 3 (a)), the fifth step follows from pp 2(x) is a
density function, the last step follows from Cp 2(x) is the CDF of pp 2(z) in [—7, 7| x [—7, 7] and
x,y € [—7m/3,m7/3] (see Figure 3 (b)).

Hence, we have

\\\
%c\
NG NG

C/Z/Q(xa y) > 0072(‘%7?4) - (26 + CO,2(x,y) - 00,2(:1: - 257y - 26))
= Coa2(x — 20,y —25) — 2, (46)

which proves the first inequality:

Coa(z — 8,y —6) > Cop(r — 20,y — 28) — 2e. (47)
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/3

y— 20 :

—m/3
—/3 x— 20 r 7/3

Figure 3: (a) is the integral region for Eq. (44), where the integral in regions 1-6 can be upper
bounded by Eq. (43). (b) is the integral region for Eq. (45).

Similarly, we can define Fig o := Fy(x+0,y+0) and é;z(x, y) := (Fra*p2)(z,y). We can show
that

Cop(z,y) — Cra(z,y)| < 26 + Coa(z + 28,y + 28) — Coa(z,y), (48)

which gives
Coa(x+0,y+0) < Coa(w + 26,y + 20) + 2¢. (49)
The lemma is then proved. O

5.2 Estimating the 2-d ACDF
We use the following parameterized quantum circuit to estimate the 2-d O-weighted ACDF 6(77 2(x, y).

Figure 4: Quantum circuit parameterized by t1,t2. H is the Hadamard gate and W is either I or a
phase gate S.

Lemma 5.3 (Estimate 2-d O-weighted ACDF). For any z,y € [—n/3,7/3], for any ez,v € (0,1),
we can estimate Coo(x,y) with additive error ne with probability 1 — v by running the quantum
circuit (Figure 4) O(ey*n2log(1/v)) times with mazimal evolution time O(y~) and total expected

evolution time O(y~'e;n~1).
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Proof. C%T o(z,y) can be expanded in the following way:
C%-,/Z(xay) = (FQ*P2)(35:?J) (50)
= / / Fy(z — u,y — v)pa(u,v)dudv

= Z / / FF/e”(‘T W el =) py (u, v)dudv

l71<d,]5'1<d
~ L. -7 ™ 7T .. 1Y
= g Fij/e’(]m“ y)/ / p2(u,v)e” e " *dudv
] <d,|5'|<d e
= E iFje (JGH-] Y) E CkaOk e zy'r)\ke 15 T A
l71<d,]5'1<d LN
_ [l nl T+ —ijTH —ij'TH
— F;Fye i(jz+i'y) Aol e TH Qe J b0) (51)
l71<d,]5'1<d

To estimate (¢o| e ™HO0e=7'™H |¢y), we use the multi-level Monte Carlo method. Define a
random variables J, J' with support {—d,--- ,d} such that
|E3]|Ey |

CF

where F:= 37,4 |ﬁj| Then, let Z := X; y+iY; y € {£1=£i}. Define an estimator Ga(z; J, J', Z)
as follows:

Pr[J =j,J' =j] = (52)

Galz,y; J,Z) = F2 . 26 0r+Tm) i0y+7'), (53)

where 6; is defined by E = |ﬁj|ei61', and similar definition for §;;. Then, we show that Ga(z,y; J, Z)
is un-biased:
E[Gy(x,y; J,J, Z)= Y. E [(Xj,j, + i)l Crtin) i+ | B || B |} (54)
l71<d,]5'[<d
= Y EEpeeV B (X +iYy]
li1<d,]5'|<d
_ Z 1’5 ﬁ ijz iy (o e~ UTH =i TH |po)
li<d,|j’|<d
= 02(1'7 y)? (55>

where the third step follows from Claim A.1. Moreover, the variance of G can be upper-bounded
by:

Var(Gs(z,y; J,J', Z)] = E[|Ga(z,y; J, J', Z)|°] — | E[Ga(z, y; J, J', Z)]? (56)
< E(|Ga(z,y; J,J, 2)?]
= F B[ X 0 + 1Yy 0]

= 2F4, (57)

where the third step follows from |e/?H77)| = |/ +/¥)| = 1 and the last step follows from
Xjg Yig € {£1}.
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By Lemma A.8, we know that F = O(1). Hence, we have for all z,y € [—-7/3,7/3],

E[Ga(x,y)] = Coa(z,y), and Var[Gs(x,y)] = O(1). (58)

Then, using median-of-means estimator, we can obtain an es-additive error estimate of é(\)f a2(x,y)
with probability 1 — v using O(e, n~2log(1/v)) samples.

The maximal evolution time is 2d = O(y~!). And the expected evolution time for one trial is

o ElE | Fj
Ty G+ = =27 ) J— = O(rd/log(d)). (59)
lil,15'|<d lil<d
Hence, the total expected evolution time is O(y~ ey 2n~2).
The lemma is then proved. O
[ | \ | N
< 7
>\0 mgOOd >\1
(a)
A b
IS
IS
I/
IS
IS
I/
Ygood - T Y

SIS
SIS

=

20 Tgood A1

(b)

Figure 5: (a) shows a point that is good for \g, where the blue interval is the approximation region
such that CT)(xgood) is close to C(z) for some x in this interval. (b) shows a good point in the 2-d
case, where in the green square, the 2-d O-weighted CDF Cp > takes the same value Cp 2(Ag, Ao).
And the blue square is the approximation region of (Zgood;Ygood) such that C/'&/ 2(Tgoods Ygood) 18

close to some Cp 2(x,y) in this region.

Similar to the 1-d case, we can construct a “good” point for (Ag, Ag) via the following claim.

Claim 5.4 (Construct 2-d good point). Let v be the spectral gap of the Hamiltonian H. Let
Tgood ‘= T* + Tv/2 where x* is the output of ESTIMATEGSE(v/8,7,1,v/10) (Algorithm 1). Then,

16



(Zgood, Tgood) s good for (Ao, o). In particular, for any e € (0,1), if the approximation error of
F(z) is set to be en, then

C%TZ(xgoodv xgood) - CO,2()\07 >‘0) < 2en. (6())

Proof. By Claim 4.1, we know that Zgeoq is good for Mg, i.e., [Zgood — 0, Zgood + 0] is contained in
[Ao; A1). It also holds in the 2-d case for (2good, Zgood). Then, by Lemma 5.3, we have

CO,2(xgood — 0, Lgood — 5) —2en < @2($good> -Tgoody) < CO,Z(ﬁgood +9, ZTgood T 6) + 2en. (61)

The claim then follows from Cp 2(x,y) = Co.2(Xo, Ao) for any (x,y) € [Ao, A1) X [Ao, A1). O

5.3 Putting it all together

The main algorithm for the ground state property estimation will first estimate the ground state
energy Ag and the overlap pg, which are described in Section 4.1. Then, by Lemma 5.3 and Claim 5.4,
the weighted expectation pgOpy can also be estimated. Hence, we will obtain an estimate for Oy =

{0l O |¢o)-

Algorithm 3 Ground State Property Estimation (General Case)
1: procedure ESTIMATEGSPROP(¢, 7,7, 7, V)
2 5+ O(17y), d < O tlog(6te tn™1))
3 for j < —d,...,d do
4 Compute ﬁj = ﬁd@j and 0;

5: end for

6

7

8

9

> Estimate the ground state energy
x* < ESTIMATEGSE(Y/8, 7,71,v/10)
Tgood < T* + TY/2
: > Generate samples from the Hadamard test circuits
10 B+ O(log(1/v)), K + O(e2)
11: for k< 1,...,BK do

12: Sample (Z, Ji) from the quantum circuit (Figure 1)

13: Sample (Z], J}! |, J}!5) from the quantum circuit (Figure 4)

14: end for 7 7

15: > Estimate pg
16: fori+ 1,...,B do

17: G+ Zﬁil G (Tgood; Z(i—1)K+js J(i—1) K +j)

18: end for

19: po < median(G1,...,Gp)

20: > Estimate pgOg
21: fori//&l,...,Bdo

22: G e 2721 Go(Tgoods Tgoodi Z(i_1y i i1y ks s ooty K4 si2) > Eq. (53)
23: end for

24: poOp median(élll, e 763{;)

25: return pyoOy /Do
26: end procedure

17



Proof of Theorem 5.1. We first analyze the estimation error of Algorithm 3. By Lemma 4.2, pg
(Line 19) has additive error at most O(ne). By Lemma 5.3 and Claim 5.4, poOp (Line 24) has
additive error at most O(ne). Then, by a similar error propagation analysis in Theorem 4.7, we get
that

- Oo‘ < Ofe). (62)

For the success probability, Algorithm 3 has three components: estimate ground state energy,
estimate pg, and estimate ppOg. By our choice of parameters, each of them will fail with probability
at most v/3. Hence, Algorithm 3 will succeed with probability at least 1 — v.

The maximal evolution time and the total expected evolution time follows from Theorem 3.1,
Lemma 4.2, and Lemma 5.3. O

6 Handling non-unitary observables

One may notice that Algorithm 3 works only for unitary observables because it needs to use the
circuit in Figure 4 to estimate (¢o| e~ O~ |¢g) for certain t1,t, € R, in which controlled-
O must be a unitary operation. In this section, we show that under reasonable assumptions this
algorithm can be modified to estimate the ground state property (¢o| O |1pg) where O is a general
observable.

Before we present this result, one may wonder why it is necessary. After all, we can always
decompose O into a linear combination of Pauli strings O = ) .wgPs, and use Algorithm 3 to
estimate each term pgz := (o] Py|to) individually, and return ) .wgpug as the result. While this
strategy works in principle, it might be not efficient enough to be practical, depending on the weights
wgz’s of Pauli strings in the linear expansion of O.

Alternatively, one can fix the issue of Algorithm 3 by designing a procedure for estimating
(po| e~2HOe="1H | ) for arbitrary non-unitary O. Such quantities are utilized in the same way as
before. We have followed this approach and found that it is possible when there is a block-encoding
of O. Namely, suppose O is an n-qubit observable with ||O|| <1 and U is an (n 4+ m)-qubit unitary
operator such that

(0™ @ DHU(J0™ @ I) =a"t0 (63)

for some o > ||O||. Then we can still perform Hadamard test for U to estimate (¢g| e "#2H Oe="1H | p)
for arbitrary t;,t2 € R. The main theorem of this section is stated below:

Theorem 6.1 (Ground state property estimation with block-encoded observable). Suppose pg > 1
for some known n and the spectral gap of the Hamiltonian H is at least v. Suppose we have access
to the a-block-encoding of the observable O. For any e,v € (0,1), there exists an algorithm for
estimating the ground state property (1| O |1g) within additive error at most € with probability at
least 1 — v, such that:

_16_2 -2 2),

1. the expected total evolution time is 5(7 n ‘a

2. the mazimal evolution time is O(y™1).

Proof sketch of Theorem 6.1. The algorithm for handling non-unitary block-encoded observables is
quite similar to Algorithm 3 for handling unitary observables, except that it relies on a different
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procedure to estimate (¢o| e 2" Qe |¢g) for arbitrary t;,ts € R. Here we briefly describe this
procedure and defer the detailed analysis to Appendix B.

Let C-V :=10) (0| ® I + |1) (1| ® V be the controlled-V operation for arbitrary unitary operator
V. Let |¢o) be an arbitrary n-qubit state. Consider the following procedure (as illustrated in Figure

6:

0) —{H] W
o) A
[¢0) ———]e=H |+ it

Figure 6: Quantum circuit parameterized by t1,t2. H is the Hadamard gate and W is either I or a
phase gate S. U is the block-encoding of the non-unitary observable O.

1.
2.

3.

6.

Prepare the state |0) [0™) |¢o).
Apply a Hadamard gate on the first register.

Apply a C-e~*11 on the first and third registers.

. Apply C-U on the current state, obtaining

1

7 (1) 10™) Igo) + [1) U [0") e | o)) - (64)

Measure the second register in the standard basis. If the outcome is not 0", then this procedure
fails; otherwise, continue. The probability of this step succeeding is

14+ a2 oiHt )2 —iHt
Psuce = <¢0| 9 |d)0> ) (65)

and when this event happens, the state becomes

1
\% 2pSuCC

[10) [@0) + ™t [1) Oe ™1 o) ] . (66)

Apply a C-e~*%2 on the first and third registers. The state becomes

1
V 2pS'LLCC

[10) [0} + a[1) e H20e™ 1 |¢)] . (67)

7. Apply W = I or phase gate S on the first register.

8.

Apply a Hadamard gate on the first register.
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9. Measure the first register in the standard basis. Then if W = I, the (conditional) probability
of getting outcome 0 is

P[0 = 68
[0]succ] Do ; (68)
if W =5, this probability is
suce — -1 I 77;Ht20 —iHt,
Pl0]succ] = Deuee =@~ Tml(éo| 7RO [do)] (69)

2pS”LLCC

Now we define two random variables X and Y as follows. First, we run the above procedure
with W = I in step 7. If step 5 fails, X = 0; otherwise, if the measurement outcome is 0 or 1
in step 9, then X = a or —a, respectively. One can show that X is an unbiased estimator of
Re[(¢o] e " H20e1 [¢y)], i.c.

E[X] = Re[(¢o| e "20e™ """ |¢)]. (70)

Y is defined similarly. We run the above procedure with W = S in step 7. If step 5 fails, Y = 0;
otherwise, if the measurement outcome is 1 or 0 in step 9, then Y = « or —a, respectively. Then Y
is an unbiased estimator of Im[{¢o| e~ 720111 |pg)], i.e.

E[Y] = Im[(go| e "2 0™ |gy)]. (71)
It follows that Z := X +4Y is an unbiased estimator of (¢g| e 2011 |py), i.e.
E[Z] = (go] e 201" |gp) . (72)

Note that |Z|? = | X|> + |Y|? < 2a? with certainty.

Equipped with the above method for estimating (¢g| e~*#*20e~1" |¢g) for arbitrary t1,ts € R,
we can now use the same strategy as in Lemma 5.3 to estimate Cfa 2(z,y). The other components
of Algorithm 3 remain intact. The analysis of this modified algorithm is almost the same as before,
except that now we have

Var(Gs(z, )] = O(a?). (73)

As a consequence, compared to Theorem 5.1, the total evolution time of this modified algorithm is
larger by a factor of O(a?), while its maximal evolution time is of the same order. O

7 Applications

In this section, we discuss some applications of our ground state property estimation algorithm.

7.1 Charge density

The primary application of the technique is the estimation of ground state properties of physical
systems. Here we describe how to compute the charge density of a molecule, which can be used to
compute properties like electric dipole moments of a molecule [RGM™21]. From a second-quantized
representation of the electronic system (assuming fixed positions of the nuclear positions), the charge
density is determined from the one-particle reduced density matrix as,

p(7) = —e Y Dp (7)o (7), (74)

p.q
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where e is the electric constant, D, , is the one-electron reduced density matrix (1IRDM) of the
ground state, and ¢4(7) are the basis wave functions chosen for the second-quantized representation
of the electronic system [HJO14]. The IRDM of the ground state is a matrix of properties of the
ground state with each entry defined as

Dypg = (t0] a;aq %) (75)

where a,, are annihilation operators. The operators involved in the IRDM can each be expressed as

a linear combination of unitary operators using the Majorana representation a}; = %(’ygp,l + iy2p),
where the 4 are hermitian and unitary’,

1
Dyq= 1 ({(Yo| vap—172¢—1 [%0) + 7 (Vo] Y2p—17Y2q [%0) — @ (Yol Yapy2g—1 [Y0) — (2ol Y2py2q |¥0)) - (76)

Accordingly, we may use the method of Section 5 to estimate each entry of the IRDM and then
obtain the charge density function of the ground state. As a point of comparison, we could al-
ternatively use the variational quantum eigensolver algorithm to prepare an approximation to the
ground state and then directly estimate each of the Pauli expectation values. However, there is
no guarantee on whether a target accuracy for the ground state approximation can be achieved.
Remarkably, the methods introduced in this paper can be used to ensure a target accuracy in the
estimation regardless of the quality of ground state approximation, though possibly at the cost of
an increase in runtime.

7.2 Quantum linear system solver

In the seminal [HHLO09] paper, one of the motivations of solving linear systems using quantum
computers is that in many cases, we only need to know (x| M |z), where |z) is the solution of a
linear system A |z) = |b), and M is a linear operator. For example, in quantum mechanics, many
features of |x) can be extracted in this way, including normalization, moments, etc. One approach
to solve this problem is first solving the linear system using any quantum linear system solver
[HHL09, CKS17, CGJ18, GSLW19] to obtain the state |z) and then performing the measurement
of M. However, a shortcoming of this method is that most of the quantum linear system solvers
require deep quantum circuits. And hence, the needed quantum resources may not be accessible in
the near future.

Recently, a few quantum algorithms [BPLCT19, HBR19, SSO19] were developed to solve linear
systems of equations by encoding such a system into an effective Hamiltonian

Hg = AT(I — |b) (b)) A, (77)

whose ground state corresponds to the solution vector |z). We can combine this idea with our ground
state property estimation algorithm to get a low-depth algorithm for estimating the properties
of linear system solution. More specifically, suppose we can simulate the Hamiltonian Hg for
some specified time and we know the normalization factor 7 such that the eigenvalues of THg
are in [—m/3,7/3]. For the operator M, we can assume that M can be decomposed into a linear
combination of Pauli operators M = Zngl cyoy, or we assume that M is given in the block-encoding
form. The estimation algorithm has two steps:

iTo implement this application on a quantum computer we must represent the unitaries as operations on qubits.
For an n-electron system, using the Jordan-Wigner or Bravyi-Kitaev transformation [SRL12], each Majorana operator,
and products thereof, can be represented as a Pauli string.
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1. Run a quantum linear system algorithm (e.g. [SSO19], [AL19], or [LT20b|) with constant
precision to prepare an initial state |¢g) such that | (¢g| x)|? is Q(1).

2. Using |¢g) from step 1 as the initial state, run Algorithm 3 to estimate (z| M |z) within
e-additive error for any € € (0,1).

Step 1 takes 6(&) time, where & is the condition number of A. To analyze the computation cost of
the second step, we need a lower-bound on the spectral gap of Hg. Since (x| AT(I—|b) (b])A|z) = 0,
we have \g(Hg) = 0. For the second smallest eigenvalue, since Hg = ATA — AT |b) (b| A, by Weyl’s
inequality, we have

M(Hg) > Mo(ATA) — X (AT (D) (0] A)
= Ao(AT4), (78)
where the second step follows from AT |b) (b| A is rank-1. Due to the normalization, the smallest
(normalized) singular value of A is Q(x~!). Hence, we have v = Q(xk~2). N
By Theorem 5.1, the maximal evolution time of the Hamiltonian will be O(x?). To further

improve the circuit depth, we may apply the gap amplification technique [SB13, SSO19| to quadrat-
ically increase the spectral gap of Hg. Consider the following Hamiltonian:

Hy =0 @ AN(I = |b) (b)) + 0~ @ (I — |b) (B]) A, (79)
where 0% = (X 4 iY)/2 are single-qubit (raising and lowering) operators. Then, we have

Hg 0 ]

(HG)? = { 0 (I—|b)(B)AAT(I —|b) (b]) o

As shown by [SSO19], the eigenvalues of H/, are

{O,O,j:\/)\l(HG),j:\/)\g(HG),...}. (81)

Hence, the spectral gap of H/, will be Q(k~1). However, the smallest eigenvalue of H{, has multi-
plicity 2, that is, the ground state space is spanned by {|0) |z) ,|1) |b)}. Thus, for the initial state |¢)
outputted by VQE or QAOA, we should first project it into the space space (|1) [b))*. In this way,
the initial state only has overlap with |0) |z) and the remaining part of the ground state property
estimation will work.

Then, we can run Algorithm 3 to estimate (z| M |x). Notice that since we know the ground state
energy of H, is zero, we do not need to first estimate the ground state energy using Algorithm 1.
Instead, we directly evaluate the O-weighted CDF at zero.

Therefore, by Theorem 6.1, we immediately get the following result:

Corollary 7.1 (Quantum linear system solution property estimation). For a linear system A |z) =
|b), suppose we can simulate the Hamiltonian Hy, (Eq. (79)) for some period of time. Furthermore,
suppose A is Hermitian with eigenvalues in [—1,—1/k] U [1/k,1] for k > 1 and the eigenvalues of
H{, are in [—m/3,m/3].

Then, for any linear operator M given by its c-block encoding unitary Uy, and for any € € (0, 1),
the expectation value (x| M |x) can be estimated with e-additive error with high probability such that:

e the mazimal evolution time of H[, is O(k).

o the expected total evolution time is 5(/4,6_2042),
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For comparison, the adiabatic algorithm in [SSO19] needs O(x/¢) evolution time of H/, to obtain
a state that is e-close to |z), which is larger than our maximal evolution time. Moreover, to estimate
(x| M |z), even using amplitude amplification and estimation, they still need Q(e~!) copies of the
state to achieve e-additive error. Hence, their total evolution time will be 5(,%6_2), nearly matching
our result.

8 Discussion and Outlook

We have shown a quantum-classical hybrid algorithm for estimating properties of the ground state of
a Hamiltonian, such that the quantum circuit depth is relatively small and only poly-logarithmically
depends on e~!. Therefore, the algorithm has a significant advantage in high-accuracy estimation,
and it is possible to be implemented in early fault-tolerant devices. In practice, our algorithm can
solve many important tasks by combining with some initial state preparation methods (e.g., VQE or
QAOA). In this paper, we provide two examples, one in quantum chemistry and another in solving
linear systems. And we believe more applications will be explored in the future.

Another important direction is to improve the total evolution time of our algorithm which
quadratically depends on e~!'. The blowup comes from evaluating the O-weighted CDF in high
precision and a trade-off between maximal evolution time and total evolution time. However, this
does not meet the Heisenberg-limit of linear dependence on e~! for generic Hamiltonians [AA17].
In our main result (Theorem 5.1), the €212 factor comes from the number of samples needed to
reduce the estimator’s error to O(en). Amplitude estimation can be used to reduce this number of
samples and the total evolution time. However, this comes at the cost of significantly increasing the
maximal evolution time, which could require large fault-tolerant overheads for reliable implemen-
tation. A strategy to achieve improved performance that is more amenable to early fault tolerant
quantum computers is to use recently introduced “enhanced sampling” techniques [WKJC21]. If A
characterizes the fidelity decay rate of the circuit as deeper circuits are used, then we would expect
to need a maximal evolution time of O(A~!y~!) and an total evolution time of O(Ay~le2n~2).
Note that because this approach incorporates the impact of error into the algorithm, the maximal
evolution time is of no concern. Rather than being a cost that needs monitoring, the maximal evo-
lution time is chosen by the algorithm to minimize the total evolution time. With this, we expect
that as the quality of devices is improved, the performance of the algorithm improves proportionally.
We note that a similar approach can also be applied to improve the total evolution time in [LT21]
from O(e~'n72) to O(Xe 'n72).

This work fits into the paradigm of “beyond the ground state energy” and studies more general
properties of the ground state. Can we go further beyond the ground state? Some prior works have
explored the estimation of such kind of properties of Hamiltonian. For example, Brown, Flammia,
and Schuch [BFS11] studied the density of states. Jordan, Gosset, and Love [JGL10| focused on
the energy of excited states. Gharibian and Sikora [GS15] identified the energy barriers. In general,
for an unknown Hamiltonian, these estimation problems will be hard. An interesting open problem
is, given some prior knowledge of the Hamiltonian, can we design efficient or low-depth quantum
algorithms for estimating Hamiltonian properties beyond ground state?
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A Ground State Energy Estimation

In this section, we review the techniques in [LT20a|, which proposed a hybrid quantum/classical
algorithm for estimating the ground state energy of a Hamiltonian. Compared with the algorithms
in previous works, the algorithm in [LT21] uses fewer quantum resources and does not need to access
the block-encoding of the Hamiltonian.

First of all, they assumed that the given initial state |¢o)!! has a nontrivial overlap with the
ground state of H.

iTn [LT21], they allowed the initial state to be a mixed state. For simplicity, we still denote it as |¢o).
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A.1 Quantum part of the algorithm

Fix j € Z. Suppose we want to estimate R((¢o| e “7H |¢g)). Then, we set W = I and define a
random variable X; as follows:

X; = {1 if the outcome is 0

—1 if the outcome is 1
Since the state before the measurement is
1 —ijTH —ijTH
S @I +e )Igo) +1) @ (I —e ) [¢0)), (82)
we have
E[X]] = PI‘[Xj = 0] — Pr[Xj = 1]

= i (ol (I + ™) (I + ™) o) — - (ol (I — e"TH)(I — e |gg)

1
"3
= 2 (Gl (97 4 ) gy
= R({¢ol e [0))- (83)

. . - 1
For the imaginary part S((¢o| e~ |¢g)), we can set W to be the phase gate [ —Oz] and define

0
the random variable Y; similarly. Then, we have

E[Y;] = S({¢ol e |d0)). (84)
Therefore, Eqgs. (83) and (84) implies the following claim:
Claim A.1 (Estimator of the Hamiltonian expectation). For any j € 7Z, the random wvariable

X +1iY; is an un-biased estimator for (¢o| e=TH |gy).

A.2 Classical part of the algorithm

Let 7 be a normalization factor such that ||7H|| < /3. Suppose the initial state |pg) can be
decomposed in the eigenspace of H as |[¢pg) = > ;. /Pk |[¥r). Let p(x) be the following density
function (spectral measure):

p(x) = Zpké(a: —TAg) Vx € [-m, 7. (85)
k

That is, p(x) is the distribution of the state energy with respect to 7H after we measure |¢p) in the
eigenbasis of H.
Define the 27-periodic Heaviside function by

)1z e [2km, (2k+ 1)7)
H{z) = {0 z € [(2k — 1), 2k) vk ez (86)

Then, we define the 27-periodic CDF of p as the convolution of H and p:

C(z) :== (H = p)(x). (87)

27



For any z € [—7/3,7/3], for any w € Z, we have

™

C(z +2wr) = H(m + 2wm — t)p(t)dt (88)
Zpk H (x 4+ 2wm — )d(t — TAg)dt
- Zpk-H (x 4 2wm — TA)

= Zpk “La>ra,
k

= > (89)
kg <z

where the first step follows from the definition of convolution, the second step follows from Dirac
delta function’s property, and the third step follows from H has period 2. We note that C(x) is
right continuous and non-decreasing in [—7/3, 7/3].

However, we cannot directly evaluate C(x), but we can approximate it! Define the approximate
CDF (ACDF) as

C(x) == (F = p)(x), (90)

where F(z) = 3_1<q ﬁ’jeijx is a low Fourier-degree approximation of the Heaviside function H(x)
such that -

|F(z) — H(z)| <e Vre[-m+0,—-0]U[d1—7J]. (91)

The construction of F' is given by Lemma A.8. Furthermore, the approximation error of C (x) is
bounded by

Clz—6)—e<Cz) <C(z+0)+e, (92)

for any x € [-7/3,7/3], 0 € (0,7/6) and € > 0.

A.2.1 Estimating the ACDF

The goal of this section is to prove Lemma A.2; which constructs an estimator for C () (defined by
Eq. (90)).

Lemma A.2 (Estimating the ACDF). For any o > 0, for any x € [~, 7], there exists an un-biased
estimator G(x) for the ACDF C(x) with variance at most .

Furthermore, G(x) runs the quantum circuit (Figure 1) O(=%
‘rdlogd)

log d

) times with expected total evo-
lution time O(
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Proof. C () can be expanded in the following way:
C(x) = (F *p)(x) (93)
— [ - wpw

—T

= > / Fje' 1= p(y)dy

jl<d”~
= Y By / p(y)e7dy
ljl<d -
_ Z ﬁjeijz Zpke_ijT/\k
j1<d k
= Y Fie - (gole T |gy) (94)
jl<d

where the third step follows from the Fourier expansion of F'(x — y), the fifth step follows from
the property of Dirac’s delta function, and the last step follows from the definition of p; and the
eigenvalues of matrix exponential.

To estimate (¢o| e |¢p), we use the multi-level Monte Carlo method. Define a random
variable J with support {—d,--- ,d} such that

PrlJ = j] = ’1@‘ /F, (95)

where F =375y |ﬁj| Then, let Z := X; +iY; € {£1 £ i}. Define an estimator G(z; J, Z) as
follows: N

G(x;J, Z) i= F - 2e0rH7o),
where 6; is defined by ﬁj = ]ﬁﬂewj. Then, we show that G(z; J, Z) is un-biased:
ElG(z;7,2)] = Y E[(X; +i¥;)e )| By
ljl<d

= Y Fie’" E[X; +iY]]
jI<d

= > Fjel (gol e 160)

l71<d
= 6($)7

where the third step follows from Claim A.1. Moreover, the variance of G can be upper-bounded
by:

Var[G(z; J, Z)] = E[G(z; J, Z)|%] - | E[G(; J, 2)]?

< E[|G (37, 2)|’]
= F2 - E[| X +iY;]%]
= 277,
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where the third step follows from |e!®/*72)| = 1, and the last step follows from X;,Y; € {#1}.

Hence, we can take Ng := 20%2 independent samples of (J, Z), denoted by {(Jk, Z) }re[n,) and

compute

Ns
G(z) = — Z G(x; Ji, Z).

Then, we have
E[G(z)] = C(z), and Var[G(z)] < o°.

The expected total evolution time is

2F° LI 2FT LA
Trot 2:N57E[‘J’]:?7’Z ’J"TJZ?Z |j"Fj‘
lj1<d lil<d

By Lemma A.8, we know that ]ﬁ]| = O(1/|]). Hence, we have F' =3, ., O(1/]j]) = O(log d).
Thus, the number of samples is
2
N.—0 <log d> .

o2

And the expected total evolution time is

T 0 <leogd>
tot — .

o2

The lemma is then proved. O

A.2.2 Inverting the CDF
We first define the CDF inversion problem:

Definition A.3 (The CDF inversion problem). For 0 < § < /6, 0 <n <1, find 2* € (—m/3,7/3)
such that

C(z*+6) >n/2, C(z*-19)<n.

Remark A.4. The condition in Definition A.3 is weaker thann/2 < C(z) < n due to the discontinu-
ity of C(x). For any CDF C(x), such an x* must exist: let a == sup {x € (—n/3,7/3) : C(x) < n/2}
and b:=inf {x € (-7 /3,7/3) : C(z) > n}. Since C(x) is non-decreasing, we have a <b. And any
x € (a—9,b+ 0) satisfies the condition in Definition A.5.

Then, we give an algorithm that solves the CDF inversion problem.

Lemma A.5 (Inverting the CDF, Theorem 2 in [LT21|). There exists an algorithm that solves the
CDF inversion problem (Definition A.3) with probability at least 1 — v such that:

1. the number of independent samples of (J, Z) is

O (7% (log(v™") +loglog(67")) - (log(6~") + loglog(6~'n~"))?)
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Algorithm 4 Inverting the CDF
1: procedure INVERTCDF (7, d, {Ji, Zx})
2 xp — —7/3, Xp /3
3 while xp — z1 > 26 do
4 :IZM<—(CCL+.$R)/2
5: u < CERTIFY(x s, (2/3)0,m,{Jk, Z1})
6
7
8
9

if v =0 then
zR < xpm + (2/3)0
else
: Z‘L<—£CM—(2/3)5
10: end if
11: end while
12: return (ry +xr)/2
13: end procedure

2. the expected total evolution time is
O (r=% 67 log(6~ ™) - (log(8™") + loglog(6~'n™")) - (log(v ™) + loglog(d~1)))
3. the mazimal evolution time is
(0] (7'5*1 log(éflnfl))
4. the classical running time is
O (7% log(d7") - (log(v™") + loglog(d~")) - (log(6~") + loglog(8~'n~"))?) .
Proof. For any x € [—7/3,7/3], at least one of the following conditions will hold:
C(zx+9)>n/2, or C(x—19)<n. (96)

Suppose we have a sub-routine CERTIFY (z, d,n, {Jk, Zi}) such that if C(z 4 0) > n/2, it returns 0;
otherwise, it returns 1.

Then, we can solve the CDF inversion problem via the binary search (Algorithm 4).

In Line 3, x1, and xr always satisfy the following conditions:

C(xp) <n, C(zgr)>n/2,

which is guaranteed by CERTIFY(z s, (2/3)6, 1, {Jk, Zr}). Then, when the while-loop ends, we have
xr — o < 24. Let % := (1, + xr)/2 be the output of Algorithm 4. Then, we get that

C(z*+0) > C(xzg) > n/2,
C(z* = 96) < C(xzp) <.

And it is easy to see that Algorithm 4 will call CERTIFY L := O(log(1/9)) times. Then, by
Lemma A.6 and union bound, Algorithm 4 will be correct with probability at least 1 — v. We note
that different runs of CERTIFY can share a same set of samples {Ji, Zx}, which does not affect

the union bound. Hence, the number of samples and the total evolution time follows directly from
Lemma A.6 and d = O(6 !log(6~1n71)). O
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Algorithm 5 Distinguish the two cases in Eq. (96)
1: procedure CERTIFY(z,n,d,{Jk, Zx})
2 c <0, Ny < Q(log(1/v) + loglog(1/9))
3 for 1 <r < N, do

4: Compute G(x) using {Jy, Zk Y kel(r—1)No+1,rNy] > Lemma A.2

5: if G(z) > (3/4)n then

6:

7

8

c+—c+1
end if
end for
9: return 1.y, /2
10: end procedure

Lemma A.6 (CERTIFY sub-routine). For any v > 0, there exists an algorithm that distinguishes
the two cases in Eq. (96) for any x € [—n/3,m/3] with probability at least 1 — O(v/L) using

O (n_2 log?(d)(log(1/v) + log log(1/6)))

independent samples of (J,Z), and total evolution time

O (n~*rdlog(d)(log(1/v) + loglog(1/4)))
m expectation.

Proof. To decide which one of the conditions holds for z, we can estimate the ACDF C~'(x) If we
take € = 1/8 in Lemma A.8, then the constructed ACDF satisfies

C(z —0) —n/8 < C(x) < C(z +6) +n/8.

Thus,

Cz)> (5/8)n = C(z+36)>n/2,

Cz) < (7/8n = Cx—96)<n.
Then, we can distinguish C(z) > (5/8)n or C(z) < (7/8)n by the estimator in Lemma A 2.

In Algorithm 5, we compute the estimator G(z) Np times independently, where each time we
use Ny samples of (J, Z). We note that an error occurs when C(z) > (7/8)n but G(z) < (3/4)n,
or C(x) < (5/8)n but G(z) > (3/4)n (when (5/8)n < C(z) < (7/8)n, any output is correct). By
Chebyshev’s inequality, we have

Pr[G(z) has an error] < Pr [G(x) < %7 | Ca) > ;n] +Pr [G(w) > %7 | ) < 577]

8
2
o
<9._~
T n?/64
1
<7)
— 4

if we take 02 = O(n?) in Lemma A.2.
Then, by the Chernoff bound, we have

Pr[CERTIFY makes an error] < exp(—Q(Np)) < v/L,

32



if we take NV}, := Q(log(L/v)) = Q(log(1/v) + loglog(1/d)). Thus, the total number of samples is
NyNs = O (n~*log?(d)(log(1/v) + loglog(1/4))) ,
and the expected total evolution time is
O (n_Zleog(d)(log(l/u) + log log(l/é))) ,

which complete the proof of the lemma. O

A.2.3 Estimating the ground state energy

Corollary A.7 (Ground state energy estimation, Corollary 3 in [LT21]). If po > n for some known
1, then with probability at least 1 — v, the ground state energy Ao can be estimated within additive
error €, such that:

1. the number of times running the quantum circuit (Figure 1) is O(n~2).
2. the expected total evolution time is O(e~'n~2).

3. the mazimal evolution time is O(e™b).

4. the classical running time is O(n™2).

Proof. Suppose we can solve the CDF inversion problem (Definition A.3) for § = 7€ and 7, i.e., we
find an z* such that

Cz*+71e) >n/2>0, C(z*—7e) <n<po.
Since C(x) cannot take value between 0 and pg, we have
T+ TE> TN, X —TeE< TN,
which is
|a* /7 — Xo| <.

The costs of this algorithm follows from Lemma A.5. O

A.3 Low Fourier degree approximation of the Heaviside function

We construct the low degree approximation of the Heaviside function in this section.

Lemma A.8 (Constructing low degree approximation of H). Let H(x) be the 2m-period Heaviside
function (Eq. (86)). For any 6 € (0,7/2) such that tan(6/2) < 1 — 1/v/2, there exists a d =
O(6 ' log(6 e 1)) and a 2m-period function Fys(x) of the form:

Fas(x) = ﬁd,é,j - e (97)

such that

The construction in [LT21] is not enough to prove Lemma A.9 because the range of Fys is [—¢/2,1 + ¢] while
Lemma A.9 requires the range to be [0,1]. We fix this issue in Lemma A.8.
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1. Fys5(x) €[0,1] for all x € R.
2. |Fys(x) — H(zx)| <€ forxz e |[—m+6,-6]U[6,7— 4.

3. [Fas sl =©/lj]) for j #0.

Proof. We first construct F, s() by mollifying the Heaviside function with Mg s(x) in Lemma A.10:

™

Fy5(x) = (Mys+ H)(z) = Mas(y)H(z — y)dy.

—T

(98)

We can verify that F c/l, s has Fourier degree at most d. It follows from the Chebyshev polynomial

Tq(x) is of degree d. Hence, the Fourier coefficients of My s(x):
_ 1 m

Mis;i=—
d,8,j o |

only if j € {—d,...,d}. Since F,; is a convolution of My s and H, we have
ﬁd,é,j =V QTFMd’57jﬁj V’j’ S d.

Mgy s(z)e *dr #0

Then, we define
d

1
Fys5(x) = 7ﬁz 455 €797,
where

S (ﬁd 5+ \/zm/4) if j =0,

ﬁd@j =
(5/4)EF d,8,j otherwise.

It is easy see that

F' () +€/4
Fd,g(x)—m vz € R.

Then, we will show that taking d = O(6 ! log(6~'e™1)) is enough to satisfy (1)-(3).

Part (1): We first compute the range of F); 5(x):

i dm
Figlo) < [ IMas)ldy <1+ 57

—T s

where the second step follows from (2) in Lemma A.10. On the other hand,

Fjs(x) > —/ H(y
sl Nas Nd5
Hence, if we take d = O(6 ! log(6~te~1)) such that

Nis > Cledé/ﬁ\/g- erf(CoV/ds) > in
holds, we will have
—¢/4 < Fc’w <l+e
Therefore, for all z € R,
Fé,a(iﬁ) +e/4

Fasle) = S e

€ [0,1].
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Part (2): The approximation error of F) ; is

™

Mg s(y)(H(x —y) — H(x))dy

—T

| sl ) - H@)d, (108)

—T

|Fas(x) — H(x)| <

IN

where the first step follows from (2) in Lemma A.10, and the second step follows from the triangle
inequality.
Fix x € [-7 + §, =] U [§, 7 — 0]. If y € (—=6,0), then H(x —y) = H(x) and

)
/ Mas(0)[H(z = ) ~ H@)ldy = (109)

If |y| > 0, by (1) in Lemma A.10, we have |Mgs| < Ni—é. Since |H(z — y) — H(z)| < 1, we have

([ [ ) mtastolia ) - mjay < 2 < "

)

where the last step follows from Eq. (105). Therefore,
|Fys(x) — H(z)| <€/2 V|z| € [6,m—0] (111)
Thus,

F5(z) + /4

Fasle) — H(z) = |2 e H(z) (112)
< |F}5(z) — H(z)| + %!Féﬁ(ﬂ?)’ + HE(/;M)E
(5/4)e ¢/4
<24 et Ot T e
e (113)

where the second step follows from the triangle inequality, the third step follows from Eq. (106).
By scaling for €, we can make the approximation error at most e.

Part (3): Since [Flgs;| = V27| My, ;|| H;|, we first bound [Mys |:

— 1 4 1 47 14+¢€
M ‘ < — | IMys(x)|de < 1+ > < : 114
Fas| < <= [ Mastolas < < < ) < (114)

where the second step follows from (2) in Lemma A.10 and the last step follows from Eq. (105).
For |H;|, if j # 0, we have

~ 1 g 1 g Ve if dd,
Hj = — H(z)e Y*dx = / e Uty = { W S (115)
V2o J _x V2m Jo 0 if j is even.

Hence, for j # 0,

— 1+e 21 1+e
F! sl < o - . —_— =, 116
| d, 7J| /7271_ T ’]’ /77T/2|]| ( )
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Then, by definition, we get that

< L — 0(1/1)) (117)

— VT/2(1+ (5/4)€)ld]

The proof of the lemma is completed. O

| P65

The following lemma shows the approximation ratio of the ACDF C () constructed from the
low degree approximated Heaviside function F'(x) by Lemma A.8.

Lemma A.9 (Approximation ratio of the ACDF). For anye > 0,0 < < 7/6, let F(x) := Fg5(x)
constructed by Lemma A.8. Then, for any x € [—7/3,7/3], the ACDF C(z) = (F % p)(x) satisfies:

Clz—0)—e<C(z) <C(z+0) +e
Proof. By (2) in Lemma A.8, we have
|F(z)— H(z)| <€ Va€l-m+06 -8 U5 x— 4. (118)
Define Fy, := F(x — §) such that
|F(z) — H(z)| < e Va € [—m+26,0]U[20,7)]. (119)

For Cp(z) := (Fp, % p)(z), we have Cp(z) = C(z — 0), and for = € [-7/3,7/3),

™

C0) - Cute = | [

—T

P — ) (H(y) - FL<y>>dy\ (120)

< /ﬂ p(x —y)|H(y) — Fr(y)|dy

—T

_ ( / "L / ) p(z — )| H(y) — Fr(y)ldy + /0 " oo — ) H) — Fo)ldy

—7 é

T 26
/ )p<x—y>dy+ /O Pz — y)|H(y) — Fu(y)ldy

IN
(@)
_l’_
c\
[\~
S 3
=
8
|
S
=
|
=
=
o
N

26
< 6+/ p(z —y)dy
0

=+ /:c_%p(y)dy
= e+ C(z) — C(z — 20), (121)

where the second step follows from Cauchy-Schwarz inequality, the forth step follows from Eq. (119),
the fifth step follows from p(x) is a density function, the sixth step follows from H(y) = 1 and
Fr(y) € [0,1] for y € [0,24], the last step follows from C(z) is the CDF of p(z) in [—7,7].

Hence, we have

Cr(z) > C(x) — (e+ C(x) — C(x —20)) = C(x — 20) — ¢, (122)
which proves the first inequality:
Clz—0) > Clz —26) — . (123)
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Similarly, we can define Fg := F(z + 6) and Cg(z) := (Fg * p)(z). We can show that

IC(x) — Cr(z)| < e+ C(z + 26) — C(x), (124)

which gives
Clz +6) < Oz +20) + e (125)
The lemma is then proved. O

A.3.1 Technical lemma

Lemma A.10 (Mollifier, Lemma 5 in [LT21]). Define Mgs(x) to be

1

o cos(z) — cos(0)
Mas = Nd,(sTd <1 +2 1 + cos(9) (126)
where Ty(x) is the d-th Chebyshev polynomial of the first kind, and
[T cos(z) — cos(9)
Nys = /ﬂ Ty (1 ) (127)
Then
1. |Mgs(x)| < ﬁj for x € [—m,=6]U[6, 7], and Mgs(x) > ﬁﬁ for x € [-6,0].
2. firﬂ Mdﬁ(x)dx = 1, 1 S fjﬂ \Md’(;(a:)\dx S 1 + N{%-
3. When tan(§/2) < 1 —1/v/2, we have
0
Nyg > Cre®/V2 \/; -erf(CoVdo), (128)

for some universal constant C,Cs.

The proof can be found in Appendix A in [LT21], and we omit it here.

B Technical details of the Hadamard test of block-encoded observ-
able

In this section, we give detailed analysis of the Hadamard test for block-encodings which plays a
crucial role in the proof of Theorem 6.1.
We first note that the quantum state before the final measurements is as follows:

\¢1>:{V15('+>|0’”>|¢o>+|><I®e"‘H'f2>U<I®e‘Z‘H“>|0m>|¢>o>) W=D )

% (J4) 10™) |go) + i |—) (I @ e H2)U (I @ e~ H11) |0™) |gg)) if W = S.
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Case 1: W =1 We measure the first two registers. If the outcome is (0,0™), the (un-normalized)
remaining state is:

({01 (0™ @ I)—= (14 10™) |60} + =) (T @ e~ =2)U (I @ e™11) |0™) |60))

\[
|¢o> g€ 120eT M [go) (130)

Hence, this event happens with the following probability:
Pr[the outcome is (0,0™)|W = I] (131)

iy =~ _iHt1 nHt iHto iy ~ —iHto —iHty
(%ol (2 to,e Ole gl o€ 70 |¢0)

1 1 : . 1 ) . 1 . )
= - <1 + = {9l e ote!' o) + -, (%ol e” 200 |gg) + 2 (@0l e ot Qe ¢0>> :

4
(132)
Similarly, if the outcome is (1, Om) the remaining (un-normalized) state is
\¢o> g€ 0T [gg) (133)
and the probability is
Pr[the outcome is (1,0™)|W = I]
1 1 . . 1 » ~ 1 . .
= 5 (1 2 @l 0T o) = 2 o]0 o) 4 (] HOTOC 1 1) ).
(134)

Hence, the expectation of X is
E[X] = a - (Pr[the outcome is (0,0™)|W = I| — Pr[the outcome is (1,0™)|W = I]) (135)

1 . . . .
= 5 ({0l e 2061 o) + (go| e OTe 2 |gg))

- % ({¢o] e 20e™ 1 o) + (o] e H20e~ 11 |ghg) )
= R (go| e 20 |¢y) . (136)

Case 2: W =S Similar to the case 1, we have
Pr[the outcome is (0,0™)|W = S] (137)
1 o 4 1 oy .
— <¢0| (21 . ;OéethlOJ[ethg) <21 + 22616—th206—th1> |¢0>

1 ; . ‘ ; ‘ . 1 . .
= 5 (1 2 @l 0T o) 4 fon] 06 o) 4 (] 010 ) ).

4
(138)
And
Pr[the outcome is (1,0™)|W = 5]
= i <1 + é (o] 11 OTeM™ |g) — é (do] e™1120e™11 [go) + % (go| 110100 <z>o>> :
(139)
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Hence,

E[Y] = a - (Pr[the outcome is (1,0™)|W = S| — Pr[the outcome is (0,0™)|W = S5]) (140)

i

- 5(— (ol e 2 0e™ 1 |gg) + (¢o| e~ HTE20e~1H1 |ghg))
-G <¢0‘ e—thQOe—iHh ’(b(]) . (141)
Therefore,

E[X +iY] = (¢o| e 2071 | ) . (142)

B.1 Generalized Hadamard test

In this subsection, we study the generalized Hadamard test for block-encodings and we will show that
the estimator’s variance can be reduced by replacing the first Hadamard gate with an a-dependent
single-qubit gate.
Suppose W = I and we replace the first Hadamard gate with the following single-qubit gate:
a b
G(a,b,0) = [—eieb eiea] ) (143)

where 6 € R, a,b € C with |a|? + [b]* = 1.
Then, we have

10)10™) |¢0)
CELDy 410) 10m) o) — B 1) 0™) |60}
S a]0)0™) [0) — €B[1) (T © ¢ 1) [0™) o)
S a|0) [07) |go) — € B |1) U(T @ e 11) [0 [60)
2 a0} 10) I6o) — B (1) (1 @ e U (1 @ e H11) [07) | go)
2, ap |0) — €q[1))107) [60) — €“B(q |0) + €7p [1))(T @ e~ H2)U (1 2 e=1101) [0} | )
=: |¢1).
Hence, the un-normalized remaining state after the measurement with outcome (0,0™) is:
(01 0™ @ I) |$1) = ap|¢o) — @6_%206_%1 |%0) - (144)
It implies that
Pr[the outcome is (0,0™)|W = I] (145)
— (o <apI _ ezbqethlOTethg> (ap[ B ezibqe—thgOe—iHh) o)
— Jal2lp|? + |b|i\2q|2 (o] 1110101 | o)
abpq |\ ity —imt e abpq
- (o €™ 0™ |do) — —————(¢o| e~ 20e~ 111 |ghg). (146)

39



On the other hand, the un-normalized state for the outcome (1,0™) is

(10" @ 1) |¢1) = —e"ag|do) — D itts it |0) (147)
and the probability is
Pr[the outcome is (1,0™)|W = I| (148)
— (6o <_6—ipaql B ei(a;fp)bpemtlofemtg) (_eipaql B ei(gz)bpe_iHmOe_iH“> o)
= faplgl? + PP gt otoetr gy
48 c;bpq (o] e~ T2 061 | ) 4+ eizsbpq<¢0| e—iHt20c—Ht | o) (149)
If we choose |p| = |g| = —=, then we have

Pr{the outcome is (1,0™)|W = I| — Pr[the outcome is (0,0™)|W = I]

4e'abpq

= R——= (¢o| e 201 |g) . (150)

Notice that to make the Hadamard test work, we need the coefficient @ to be a real or an
imaginary number.
Now, we show how to choose the parameters to minimize the variance. Without loss of generality,
we may assume a,b € (0,1) such that a®> + b*> = 1 and use p, ¢ to cancel the phase factor, i.e.,
eabpg = %ab. It gives that:
Pr[the outcome is (1,0™)|W = I| — Pr[the outcome is (0,0™)|W = I]
2ab

= R (go| e 0™ [gy), (151)
and
Pr[the outcome is (1,0™)|W = I] + Pr[the outcome is (0,0™)|W = I]
= 0+ 2 (ool 6100101 g (152)

Now, define the random variable as follows:

5o if the outcome is (1,0™),
X =4 —5op if the outcome is (0,0™), (153)
0 otherwise.
Then, we have
E[X] = R (¢o| e~ "20e™ 1" |gp) . (154)
And we have
Var[X] = E[X?] - E[X]?
ao? 2 b? iHt1 Aty —iHt1 —iHto y, —iHt, 2
= ooz @+ o5 (bl €010 o) | — (R (do|e™ 20 o))" (155)
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The second term is fixed for any parameters. And for the first term, we have

2

a s  b° iHt —iHt o 1 iHt —iHt
10202 <a t (ol eT1OTO ™1 |gg) | = w12 (ol eT1OTO ™1 |¢) (156)
_ a? [0~ gy ||?
4(1 — a?) 4a?
1 —
> 1(04 + (|0 0 g |])2, (157)

[0~ |go) |

[0 o) However, since we do not know the value of

where the minimizer is at a :=

|Oe™ % |¢g) ||, there are two approaches to resolve this issue: (1) use another quantum circuit to

estimate ||Oe™" |¢g) || and then set the parameters; (2) just take a := (/—1+. Notice that when

a+1-°
the first gate is the Hadamard gate, i.e., a = %, we have
Var | X [ a = 5] = S0+ 1067 g0} ), (158)
V2 2
When a = a_lﬂ, we have
Var [X - ] = Yoo+ 1)+ Lo 160 20+ 1) (159)
va-+1 4 4
= 5(042 + (|0 [go) ||*) — 7@~ D(e@—]Oe 1 1 9o) 11%)
1
<VarX‘a:—, 160
< Var | 0= 75 o0

where the last step follows from o > 1 and [[Oe™ % |¢g)||2 < 1. Therefore, we can reduce the

estimator’s variance by choosing a = \/g . Moreover, if « is large, the new variance is about half of

the variance using the Hadamard gate.
Similar strategy can also be used to reduce the variance of the random variable Y.
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